Diophantine approximation on the parabola with non-monotonic
  approximation functions by Huang, Jing-Jing
ar
X
iv
:1
80
2.
00
52
5v
2 
 [m
ath
.N
T]
  1
5 D
ec
 20
18
DIOPHANTINE APPROXIMATION ON THE PARABOLA WITH
NON-MONOTONIC APPROXIMATION FUNCTIONS
JING-JING HUANG
Abstract. We show that the parabola is of strong Khintchine type for con-
vergence, which is the first result of its kind for curves. Moreover, Jarn´ık
type theorems are established in both the simultaneous and the dual settings,
without monotonicity on the approximation function. To achieve the above,
we prove a new counting result for the number of rational points with fixed
denominators lying close to the parabola, which uses Burgess’s bound on short
character sums.
1. Introduction
Let k ∈ N, ψ : N→ [0,∞) and
Sk(ψ) := {x ∈ Rk : ∃∞q ∈ N such that max
1≤i≤k
‖q · xi‖ < ψ(q)},
where ‖ · ‖ denotes the distance to the nearest integer. Then it is an immediate
consequence of the Borel-Cantelli lemma that Sk(ψ) has zero Lebesgue measure,
when
∞∑
q=1
ψk(q) <∞. (1)
This, together with a complementary divergence result under the additional as-
sumption that ψ is monotonically decreasing, is a classical theorem of Khinchine.
Modern development of the theory of metric diophantine approximation reveals
that it is much more difficult to extend Khintchine’s theorem to the context of a
submanifold M of Rk of dimension less than k, since they have zero k-dimensional
Lebesgue measure. More precisely, we sayM is of Khintchine type for convergence
if for every monotonically decreasing function ψ satisfying (1), the set Sk(ψ) ∩M
has measure zero with respect to the induced Lebesgue measure on M. Following
the terminology first introduced in [18], we say M is of strong Khintchine type
for convergence, if the monotonicity condition on ψ can be dropped in the above
definition.
There has been some substantial progress regarding Khintchine type manifolds
(in both the divergence and the convergence cases), see [1, 3, 7, 20] and the ref-
erences therein. However, somewhat surprisingly, we only know very little about
strong Khintchine type manifolds for convergence. It is worth noting that Duffin
and Schaeffer observed that, without monotonicity on ψ, the divergence of (1) is
not sufficient to guarantee that Sk(ψ) has full measure. Of course, one may assume
the stronger condition
∑∞
q=1
(
φ(q)ψ(q)
q
)k
=∞ and ask whether Sk(ψ)∩M has full
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induced measure on M. This is analogous to the original Duffin-Schaeffer conjec-
ture, therefore can be called the Duffin-Schaeffer conjecture for manifolds. To the
best of our knowledge, there is no progress on this problem in the literature.
It is shown in [4, 10, 18] that some classes of manifolds with various curvature
and/or rank conditions are of strong Khintchine type for convergence. However,
these conditions completely rule out curves. Indeed, it is remarked in [18] that
“It remains an open question whether nondegenerate planar curves (e.g. the
standard parabola {(x, x2) : x ∈ R} are of strong Khinchin type for convergence. ”
In this memoir, we answer the above question affirmatively for the standard
parabola P := {(x, x2) : x ∈ [0, 1]}, which has been studied as a pivotal case of
non-degenerate planar curves. For instance, it has been shown to be extremal by
Kubilyus [17] and of Khintchine type for convergence by Bernik [6].
Theorem 1. The parabola P is of strong Khintchine type for convergence.
We actually prove a more general Jarn´ık type theorem without assuming mono-
tonicity on ψ. Let Hs be the standard Hausdorff s-measure.
Theorem 2. Let s ∈ (1113 , 1]. If the series
∑∞
q=1 ψ(q)
s+1q1−s <∞, then Hs(S2(ψ)∩
P) = 0.
Some comments regarding the range of s in the above theorem and the possibility
of improving it can be found in §4.
One may as well study the companion problem of dual approximation on planar
curves. With the monotonicity condition on ψ, the general Hausdorff theory has
been developed first for the parabola P [15] and then for all non-degenerate planar
curves [12]. In the special case when only Lebesgue measure is considered (some-
times called Groshev type theorem), it is already known that monotonicity is not
needed for non-degenerate curves in Rn [2, 8]. Without much more work, we are
also able to remove the monotonicity condition for the Hausdorff theory of dual
approximation on the parabola. Let
Ak(ψ) := {x ∈ Rk : ∃∞q ∈ Zk such that ‖q · x‖ < ψ(|q|∞)},
where |q|∞ := max{|q1|, |q2|, . . . , |qk|}.
Theorem 3. Let s ∈ (0, 1]. If the series ∑∞q=1 ψ(q)sq2−s < ∞, then Hs(A2(ψ) ∩
P) = 0.
It is well known that metric diophantine approximation on a manifold is closely
related to counting rational points near the manifold. This is especially true in
the case of simultaneous approximation, see [1, 3, 5, 11, 13, 14, 20] for some recent
advances. However, it is usually much more difficult to obtain satisfactory estimates
of the counting function without averaging over the denominator q, especially in the
case of curves. It is this additional averaging over q that mandates the monotonicity
of ψ be assumed in order to prove Khintchine type theorems on the manifold. We
succeed in obtaining such a counting result for the parabola without averaging over
q, which is nevertheless strong enough to prove the above theorems.
Let δ ∈ (0, 12 ) and
A(q, δ) :=
∑
a≤q
‖a2/q‖<δ
1.
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The function A(q, δ) naturally counts the number of rational points of fixed denom-
inator q that are lying close to P . We obtain the following estimate of A(q, δ).
Theorem 4. Let r be the largest integer such that r2|q. Then for any ε > 0
A(q, δ)≪ δq + r1+ε + δ 12 q 1116+ε
where the implied constant only depends on ε.
Loosely speaking, Theorem 4 allows us to deduce that A(q, δ) is small for the
vast majority of q while it may occasionally become large when q has a square
factor almost as large as q. However, the latter case only happens very rarely.
We remark in passing that the method within this paper can be adapted in a
straightforward manner to treat the case of a quadratic polynomial with rational
coefficients. The details are left to the interested reader.
We will prove Theorem 4 first in §2. Then using Theorem 4, we will prove
Theorem 2 in §3 and Theorem 3 in §4. To prove Theorem 3 we will need to re-run
the argument of [12], therefore we will only highlight the places where changes are
needed and refer the reader to [12] for the full structure of the proof. In §5 we will
discuss the limitation of our method and some future questions.
2. The proof of Theorem 4
Let J =
⌊
1
2δ
⌋
. Recall the Feje´r kernel
FJ(x) :=
J∑
j=−J
J − |j|
J2
e(jx),
which satisfies FJ(x) ≥ 4pi2 when ‖x‖ ≤ δ and FJ(x) ≥ 0 for all x. Then we have
A(q, δ)≪
∑
a≤q
FJ(a2/q)≪ δq +D(q)
where
D(q)≪
J∑
j=1
J − j
J2
q∑
a=1
e
(
ja2
q
)
.
Let
G(j, q) :=
q∑
a=1
e
(
ja2
q
)
and
εm =
{
1, when m ≡ 1 (mod 4)
i, when m ≡ 3 (mod 4).
To evaluate these quadratic Gauss sums G(j, q) precisely, we state the following
lemma [16, §3.5].
Lemma 1. Suppose (j, q) = 1. Then
G(j, q) =


0, when q ≡ 2 (mod 4),
εq
(
j
q
)√
q, when q is odd,
(1 + i)ε−1j
(
q
j
)√
q, when j is odd and 4|q.
Here
(∗
∗
)
is the Jacobi symbol.
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Note that
(∗
q
)
is a Dirichlet character modulo q and
(
q
∗
)
is a Dirichlet character
of conductor q′|4q.
Clearly, these Gauss sums G(j, q) are of size at most
√
2q. But this turns out to
be insufficient for our purpose; we need to exploit as well the cancellation arising
from the sign changes of those Jacobi symbols as j varies. To that end, we state
Burgess’s landmark theorem on short character sums [9].
Lemma 2. Let χ be a non-principal character modulo q. Then for any ε > 0, we
have ∑
M<n≤M+N
χ(n)≪ N 12 q 316+ε
with the implied constant depending only on ε.
We start by observing that
D(q)≪
J∑
j=1
J − j
J2
(j, q)G(j/(j, q), q/(j, q))
≪
∑
d|q
d
∑
j≤J
(j,q)=d
J − j
J2
G(j/d, q/d).
For fixed d|q, let q1 = q/d. Then
Lemma 3. ∑
j1≤N
(j1,q1)=1
G(j1, q1)≪
{
N
√
q1 if q1 is a square,
N
1
2 q
11
16
+ε
1 otherwise.
Proof. Denote by S the sum on the left side. If q1 is a square, then by Lemma 1
S ≪
∑
j1≤N
√
q1 = N
√
q1.
Next we treat the case when q1 is not a square. Let χ0 be the principal character
modulo 4 and χ1 be the quadratic character modulo 4. It is readily verified that
ε−1m =
1− i
2
χ
0
(m) +
1 + i
2
χ
1
(m).
If q1 is odd, let χ =
( ∗
q1
)
; if q1 is even, let χ = χ0
(
q1
∗
)
or χ = χ
1
(
q1
∗
)
. Note that in
any case, χ is always a non-principal character of modulus at most 4q1. Therefore,
we may apply Burgess’s bound (Lemma 2) to the character sum
∑
j1≤N χ(j1) after
another application of Lemma 1, and obtain
S ≪ N 12 q
3
16
+ε
1
√
q1 = N
1
2 q
11
16
+ε
1 .

Hence by Lemma 3 and partial summation, we get
∑
j1≤J/d
(j1,q1)=1
J − j1d
J2
G(j1, q1)≪


√
q1
d if q1 is a square,
q
11
16
+ε
1√
dJ
otherwise.
Then
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D(q)≪
∑
q1|q
q1=
√
q1 +
∑
q1|q
q1 6=
√
qJ−1q
3
16
+ε
1
≪r1+ε + δ 12 q 1116+2ε
where, in the last line, we use the well known bounds σ(r) =
∑
r1|r r1 ≪ r1+ε and
d(q) =
∑
q1|q 1≪ qε on the arithmetic functions σ(r) and d(q) [19, Chap. I.5].
3. The proof of theorem 2
By considering the auxiliary function ψˆ(q) := max(ψ(q), q−5/8+η) for some η ∈(
0, 58 − 2−ss+1
)
if necessary, it is easily seen that there is no loss of generality in
assuming that
ψ(q) ≥ q−5/8+η for all q. (2)
We note that if x ∈ [0, 1] satisfies{ |x− a/q| < ψ(q)/q
|x2 − b/q| < ψ(q)/q
for some 1 ≤ a, b ≤ q, then∣∣∣∣a2q2 − bq
∣∣∣∣ ≤
∣∣∣∣a2q2 − x2
∣∣∣∣+
∣∣∣∣x2 − bq
∣∣∣∣ < 3ψ(q)q .
Hence, in order to show Hs(S2(ψ) ∩ P) = 0, it suffices to show that the set
lim sup
q→∞
⋃
a≤q
‖a2/q‖<3ψ(q)
(
a
q
− ψ(q)
q
,
a
q
+
ψ(q)
q
)
has zero Hausdorff s-measure. This can be accomplished by the Hausdorff-Cantelli
lemma, if we can show that
∞∑
q=1
A(q, 3ψ(q))
(
ψ(q)
q
)s
<∞.
And indeed, by Theorem 4, it follows that
∞∑
q=1
A(q, 3ψ(q))
(
ψ(q)
q
)s
≪
∞∑
q=1
ψ(q)s+1q1−s +
∞∑
q=1
r1+ε
(
ψ(q)
q
)s
+
∞∑
q=1
ψ(q)
1
2 q
11
16
+ε
(
ψ(q)
q
)s
. (3)
The first series converges by assumption. By Ho¨lder’s inequality, the second
series above is bounded by(∑
q
(r1+εq−
2s
s+1 )s+1
) 1
s+1
(∑
q
ψ(q)s+1q1−s
) s
s+1
.
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On noting that∑
q
(r1+εq−
2s
s+1 )s+1 =
∞∑
r=1
∞∑
t=1
|µ(t)|r(1+ε)(s+1)(r2t)−2s
≤
∑
r
r(1+ε)(s+1)−4s
∑
t
t−2s
and that 2s > 22/13 and (1 + ε)(s + 1) − 4s < −3/2 for sufficiently small ε, we
conclude the convergence of the second series in (3).
Taking ε = η/2, we deduce from (2) that
ψ(q)
1
2 q
11
16
+ε ≤ ψ(q)q.
So the third series in (3) also converges. Thus we conclude that the series
∑
A(q, 3ψ(q))
(
ψ(q)
q
)s
converges and therefore complete the proof.
4. Proof of Theorem 3
We will follow closely the proof in [12]. The only places where averaging over q
is needed in [12] are when [12, Lemma 4] and [12, Lemma 5] are applied. Here we
replace them with the following variants of Theorem 4 in this paper.
Theorem 5. Let r be the largest integer such that r2|q, λ ∈ Q, I = [c, d] be an
interval and α ∈ (0, 1/2]. Then for any ε > 0 we have∑
a/q∈I
‖λa2/q‖<δ
1≪ δq + r1+ε + δ 12 q 1116+ε
and ∑
a/q∈I
‖λa2/q‖≥δ
∥∥∥∥λa2q
∥∥∥∥
−α
≪ q + δ−αr1+ε.
The proof of Theorem 4 can be easily adapted to prove the first estimate, while
the second follows from the first by summing over dyadic ranges.
Also note that the dual curve of P is {(x,−x2/4) : x ∈ [0, 2]}. After making
these changes, the bulk of the proof in [12] remains unchanged. The details are left
to the reader.
5. Further comments and questions
If the conjectural bound ∑
M<n≤M+N
χ(n)≪ N 12 qε (4)
holds true for non-principal characters χ modulo q, one may verify that the third
series in (3) would be convergent for s ∈ (1/2, 1]. But the range of s in Theorem
2 can only be extended to s ∈ (2/3, 1], since when s ≤ 2/3 the second series in (3)
diverges. This gives a measurement how far one might be able to improve Theorem
2. However (4) is too far out of reach as it is closely related to the Generalized
Riemann Hypothesis for Dirichlet L-functions, which demonstrates the depth of the
problem under consideration in this paper. Burgess’s paper [9] was published more
than 54 years ago, but it still remains essentially the state of the art even today (at
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least for general modulus). It is unlikely that the range of s in Theorem 2 could be
improved without beating Burgess’s bound.
Even for the case of parabola dealt with in this paper, we have already seen that
some of the finest results in multiplicative number theory have to be used. It is
conceivable that the general case of planar curves is significantly more difficult. It
is not even clear, to the best of our knowledge, what the general picture should
look like. One may attempt to answer the following questions first.
Question 1. For α ∈ R\Q, is the irrational parabola y = αx2 of strong Khintchine
type for convergence?
Question 2. Is the unit circle x2 + y2 = 1 of strong Khintchine type for conver-
gence?
Question 3. Does there exist a non-degenerate planar curve which is not of strong
Khintchine type for convergence?
It is hoped that this paper will attract more attention to these problems.
Acknowledgments. The author would like to thank David Simmons for providing
comments and Huixi Li for reading the manuscript.
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